A maximum principle and some a priori estimates of a class of degenerate equations with X-ellipticity in the sense of distributions are established. A local comparison of the generalized Green function with its fundamental solutions is obtained. As an application, by means of the power of the Green function as a kernel function of a local integral, we also derive local Hölder continuity for nonlinear degenerate subelliptic equations.
In this paper, we consider the nonlinear degenerate elliptic operator of divergence form:
where p > 1, each entry of the bounded measurable coefficient matrix A(x) = (a ij (x)) satisfies a ij (x) ∈ L ∞ (Ω) and a ij (x) = a ji (x). We suppose that the operator A satisfies the following uniform X-ellipticity in Ω:
where λ is a positive constant and ·, · denotes the standard inner product in R N . The notion of X-ellipticity was implicitly introduced in [21] by Franchi and Lanconelli in 1982, after which it was intensively studied in a series of works 3628 SHENZHOU ZHENG AND ZHAOSHENG FENG [2, 3, 6, 7, 9, 13, 16, 17, 22, 27, 28] , etc. In 2000, it was explicitly developed in [40] by Lanconelli and Kogoj. From the uniform X-ellipticity assumption (1.2), a direct calculation shows when ϕ and ψ ∈ C 1 (Ω). The prototype of the nonlinear degenerate operator (1.1) originates from the following subelliptic operators:
where X * i is the formal adjoint of X i given by X *
corresponds to the functional
which arises naturally in the geometry of CR manifolds [34] , [35] , and the theory of quasi-conformal mappings on stratified and nilpotent Lie groups.
In order to recall the definition of control distance (or the so-called CarnotCarathéodory distance) associated with X-vector fields in R N , we start with Assume that Ω ⊂ R N is X-connected, i.e. for every x, y ∈ Ω, there exists at least one X-subunit path connecting x and y, so we may define Out of the study of sub-Riemannian geometry, it appears that the definition of control distance has been widely used since the paper by Fefferman and Phong [24] in the smooth case and the papers by Franchi and Lanconelli [21, 22] in the nonsmooth case. Some basic properties of the linear X-elliptic operators together with some fundamental properties of the control distance were presented by Gutiérrez and Lanconelli [26] . For more information of control distance and related concepts and applications, we refer the reader to a recent survey paper by Hayslaz and Koskela [31] and the references therein.
By a simple calculation this shows that the nonnegative function (x, y) → d(x, y) is a metric on Ω ⊂ R N [26, 43, 48] . We call d(x, y) the control distance (or the Carnot-Carathéodory distance) related to X. Hereafter, all the distances mentioned in this context will be designated with respect to the metric d unless we indicate it specifically. In particular, B R (x) denotes the ball {y ∈ R N |d(x, y) < R} with the control metric, and |E| denotes the Lebesgue measure of the set E ⊂ R N . Following the literature [6, 7] , we define the Sobolev space for p ≥ 1 as:
Now we are in a position to introduce our general assumptions of control distance d(., .) with respect to the vector fields X in R N :
(H2) (Homogeneous dimension) There are positive constants R 0 , C 1 , C 2 and Q > p > 1 such that for all R ∈ (0, R 0 ] and x ∈ Ω, the following relation is valid:
where the number Q will be chosen as the least integer such that the above inequality holds, which is called the homogeneous dimension of X in Ω.
(H3) (Poincaré's inequality) There is a positive constant C such that the following inequality holds:
u dx and |Xu| denotes the Euclidean norm of the generalized gradient of u.
From the hypothesis (H2), the following doubling property is valid [2, 31] : there is a positive constant C such that for all x ∈ Ω and R > 0, the following doubling condition holds:
for all x ∈Ω and R > 0, where A is a positive constant. The uniform X-ellipticity (1.2) deserves several comments. The subelliptic operators on a Carnot group can be viewed as particular X-elliptic operators. When the vector fields {X j } are invariant with respect to the left translations on a Carnot group G = (R N , •) for p = 2, usually the operator A is the so-called sub-Laplacian defined on a stratified Lie group. Some fundamental and profound results of subelliptic operators have been established in [2, 14, 15, 16, 17, 12, 10, 11, 21, 22, 36, 40, 46, 23, 6, 7, 4, 5, 18, 19, 44] , etc., ever since the pioneering paper by Hörmander [33] , where he proved that a linear subelliptic equation satisfying the Hörmander rank condition is hypoelliptic. Maximum principles and Harnack's inequalities of various subelliptic problems related to smooth and nonsmooth vector fields {X j } satisfying the rank condition "rank Lie[X 1 , · · · , X m ] = r at each point of the domain Ω" have been investigated in [1, 12, 18, 19, 20, 48] . Various applications on Riemannian geometry of subelliptic equations are presented in the monograph by Bellaiche and Risler [3] .
On the other hand, it is well known that the Green function plays an important role in various differential equations and systems, including the classical Dirichlet problem of Laplacian operators and elliptic systems, which have some perfect properties [1, 8, 38, 39, 42] . It can also be applied to many problems such as Wiener's criterion for a regular boundary point of a domain [30, 32, 42] , stochastic games problems [1] , and the regularity of the weak solution under the weaker regular data 3630 SHENZHOU ZHENG AND ZHAOSHENG FENG [1, 49, 50] . Littman and his collaborators [42] presented the comparison theory of the Green function with Laplacian operators for uniformly elliptic operators with symmetric and bounded measurable coefficients defined in Ω, and gave the corresponding Wiener's criterion of regular boundary points. Grüter and Widman [30] proved the same conclusion of the Green functions and the Wiener's criterion of regular points on the boundary for more general uniformly elliptic operators with nonsymmetric coefficients. Furthermore, Negrini and Scornazzani [45] described Wiener's criterion on the boundary points related to the sum of squares of vector fields for a class of degenerate elliptic operators. By way of nonlinear potential theory and estimates of the Green function, Kilpeläinen and Malý et al. [37, 41] derived the regular tests at a boundary point of solutions of quasilinear elliptic equations and degenerate elliptic equations. Recently, Gutiérrez and Lanconelli [26] and Mazzoni [43] investigated the maximum principle, Harnack's inequality and the Green functions for linear X-elliptic operators of divergence form. Since the Green functions of various differential operators have significant applications in many scientific fields, in this paper we will show that the Green function of a class of nonlinear degenerate operators with X-ellipticity enjoys the fundamental properties analogously as the p-Laplacian does in Carnot groups in many respects. Here the concept of the so-called Green function for the nonlinear degenerate elliptic operator A with X-ellipticity is a straightforward generalization of the regular subelliptic operator in nonlinear potential theory. As an application of the Green function, we will establish interior Hölder continuity for degenerate subelliptic equations with inhomogeneous items.
Before stating our main results, we present several definitions which we will use in the next several sections:
For each given y ∈ Ω, we may rewrite the Green function of nonlinear degenerate equations Au = δ(y) in the weak form. 
(Ω, X) and [43] . Then from (1.8) it follows that
for any test function φ(x) ∈ W 1,p 0 (Ω). Now, let us present the following maximum principle with inhomogeneous items.
There exists a positive constant C which depends only on λ, Q, p and Ω, such that for every weak solution u ∈ W 1,p (Ω, X) of Au = f , we have the inequality
where u + = max{u, 0} and we define
For nonlinear degenerate operators with X-ellipticity, our main result of the Green function is stated as follows: 
In view of both estimates (1.10) and (1.11), we obtain a local behavior of the Green function as follows:
This is an important tool to investigate the regularity in Morrey's spaces of linear and nonlinear operators with subellipticity and the Wiener criterion of the corresponding regular boundary points.
In the present paper, as an application of the Green function to the regularity in Morrey's spaces, we consider the following nonlinear degenerate subelliptic equation of divergence form:
,
N with both q and s > 1. Assume that u ∈ L p (Ω) with p ≥ 1 and λ ≥ 0. We will use a version of Morrey's spaces modelled on X-control distances, in which various Morrey regularities for quasilinear X-elliptic operators were discussed by Di Fazio and his collaborators [14, 15] , etc., that is,
Its norm is defined by
of radius ρ centered at x 0 , and d is the diameter of Ω [14, 15, 17] . Our result is described as follows:
) is any weak solution of the degenerate equation (1.12) under the X-elliptic condition (1.2) with the hypotheses (H1)-(H3). If
loc (Ω), for every 0 < λ ≤ Q−p+pϑ with some 0 < ϑ < 1, which only depends on Q, λ, p, q and s.
As a direct conclusion of Theorem 3, if we enhance the regularity of the given data:
, by using Morrey's type lemma [48] , we have locally Hölder continuity with control metric for the weak solution of equation (1.12) as follows.
Corollary 1.
Let
where 0 < ϑ < 1 is the same as given in Theorem 3.
The rest of this paper is organized as follows: in the next section, we will present a maximum principle for inhomogeneous degenerate equations with the X-elliptic condition. In Section 3, for the sake of convenience, we show some basic properties for homogeneous degenerate equations (the so-called A-harmonic equations). Section 4 is devoted to main contributions of our article, namely, the local estimates and comparisons of the modified Green functions. We will use them as an important tool for an approximating sequence in the proof of Theorem 2. In Section 5, we demonstrate the proof of Theorem 2. In Section 6, an application of the Green function is given to illustrate the regularity for a class of nonlinear subelliptic problems. Section 7 presents a brief conclusion. Note that all proofs of our main results do not require the Hörmander condition.
Maximum principle with X-ellipticity
In this section, we assume that the operator A defined by (1.1) is uniformly X-elliptic under condition (1.2) in Ω, and u is any weak solution under the distributional sense of (1.6). The purpose of this section is to apply and develop classical techniques, introduced in [1, 29, 26] , to prove the maximum principle with inhomogeneous items, i.e., Theorem 1.
Proof of Theorem 1. We separate our proof into two parts.
Step 1. We first prove an inequality
, where v ≥ 0 and uv ≥ 0. Let k > 0 be a constant that will be determined later. For β > 1 and M > k, we define a function
and take H to be linear with respect to z for z ≥ M . Let w = u + + k and
From the X-ellipticity of A we get
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Since u ≤ 0 on ∂Ω and H(k) = 0, it follows that H(w) ∈ W 1,p 0 (Ω, X). By Sobolev's inequality and Hölder's inequality, we deduce
.
Hence, we deduce
where β > 1. If we let χ =
Qp/(Q−p) pq
, the above inequality yields
Applying the interpolation inequality gives
Since w = u + + k, we obtain the estimate (2.1).
Step 2. Let l = sup ∂Ω u + and M = sup Ω u + . We may assume l = 0 and let k > 0 be a constant to be determined later. We choose the test function
and By substituting this into (2.2) and using (1.3), we have
By Sobolev's inequality we deduce
The proof will be completed if we can show that w satisfies
for all η ∈ W 1,p 0 (Ω, X) such that η ≥ 0 and ηu ≥ 0 in Ω. In fact, due to
Since η ≥ 0 and ηu ≥ 0, we have η∇u + = η∇u. So using φ as a test function into (2.2) yields
From (1.3) and (1.4), the second term on the left-hand side is nonnegative, so we can drop it to obtain (2.7). Using the estimate (2.1) to w, we get
for Q/2 < p < ∞. By the choice of k and inequality (2.6) we obtain
Step 1 and Step 2, we have completed the proof of Theorem 1. Some local estimates for solutions of the homogeneous degenerate elliptic equation Au = 0 under the X-elliptic condition (1.2) also follow analogously to the degenerate elliptic case [6, 7, 32, 47] . Inserting a test function ψ = η p u with a nonnegative cutoff function η ∈ C 1 0 (Ω, X) into the equation of the weak form, then from the X-elliptic condition (1.2) we obtain a Caccioppoli type inequality:
Furthermore, by using Moser's iteration technique the following locally upper boundedness of the weak solution for Au = 0 has been proved [32, Theorem 3.59]. We list those results below which will be used in the subsequent arguments: there are positive constants C 1 and C 2 which depend on λ, Q, p, Ω and X such that ess sup
for any r > 0, where B R is a ball with 2B R ⊂ Ω. Based on the results on the spaces of bounded mean oscillation functions introduced by John and Nirenberg [29] , the following weak Harnack's inequality is valid for the equation Au = 0 [47] .
Theorem 6 (Weak Harnack's inequality). Let u ∈ W 1,p (Ω, X) be a nonnegative weak supersolution of the homogeneous equation A[u, φ] = 0 with the X-elliptic assumption (1.2). Then, for B
where R 0 depends on X and Ω.
By means of the weak Harnack's inequality and the classical procedure described in [32, 47] 
where r is the Hörmander rank with respect to X. We also have a full Harnack's inequality for nonnegative weak solutions of the homogeneous equation A[u, φ] = 0. Namely, for B R (x) ⊂ Ω, R < R 0 and 0 < τ < 1, we have sup
where R 0 is the same as given in Theorem 6 and C > 0 is a constant which depends on Q, p, Ω, X, τ and λ. Moreover, the above Harnack's inequality also holds in shells B τR −B σR for 0 < σ < τ < 1 [6, 7] .
Estimates of modified Green functions
In this section, we will present some estimates involving their norms in the weak-L p space. Let us recall the definition of the weak-
for all p ≥ 1. In the proofs of our results, we will need the following two inequalities
Now we are in a position to prove several important conclusions about the modified Green functions due to equation (1.9). 
Lemma 1. Suppose that G
. Proof of Theorem 7. For any t > 0, we set Ω t := {x ∈ Ω||G r y | > t} and consider the function f (s) = [ 
A(x)∇G
On the other hand, by virtue of (1.3) and (1.4) we deduce 
Combining (4.3) and (4.4) yields
By Sobolev's imbedding inequality it follows that
Now let us consider Ω 2t . Apparently, one can see that Ω 2t ⊂ Ω t and (log 2)
which implies that
On the basis of the definition of the weak-L p space we obtain
Consequently, this completes the proof of Theorem 7.
) is a modified Green function of the approximating A-harmonic equation (1.9) under the X-elliptic assumption (1.2).

Then there exists a constant
and
Proof of Theorem 8. Let us divide our proof into two cases. 
By using (4.6) we deduce
If R = d(x 0 , y) ≤ R 0 , from the assumption (H2) we immediately find
On the basis of assumption (H2) and (1.5), we deduce So in either case for (4.7), we obtain
for every x ∈ B R/2 (x 0 , ). Taking x = x 0 , we obtain (4.5) with C being independent of r.
It is possible to extend the operator A toΩ, so letG r y be the corresponding modified Green function inΩ. By using a similar argument as shown in Case 1, the following inequality holds:
So the result will immediately follow once we prove that G 
Proof of Lemma 2. Let us fix y ∈ Ω for any small r > 0.
Hölder's inequality and Sobolev's inequality we have
In view of the X-ellipticity assumption (1.2) we get
Due to the assumption r < R 0 , it is easy to see that R/4 < r ≤ R 0 . By virtue of (H2) we can find 
where we have taken into account that it is η = 1 in B r (y). So we get
Utilizing the X-ellipticity assumption (1.2) and Young's inequality we get 1 λ
From this inequality, since η = 1 in B R/2 (y), η = 0 outside B R (y) and |Xη| ≤ C R , it follows that (4.10)
Thus, we can use inequality (4.5), which holds provided that r is sufficiently small, with C being independent of r. In this case we need to consider the following two possibilities.
Substituting the above inequality and (4.5) into (4.10) we get 
Combining (4.10) and (4.5) yields
Again, using (H2) we get |B R (y)| ≤ CR Q for all R > 0. Moreover, given that Ω is bounded, there exists a constant R 1 > 0, which depends on λ, Q, p, Ω and X, such that Ω ⊂ B R 1 (y). If R ≤ R 1 , we have
which implies (4.8). On the contrary, if R > R 1 , we have Ω \ B R (y) = ∅. So the proof of Lemma 2 is completed.
is any weak solution of the approximating A-harmonic equation (1.9) under the X-elliptic assumption (1.2) . Then
Proof of Theorem 9. 
Let us consider the first part on the right-hand side of (4.12). Using (4.8) in Lemma 2 we deduce 
Combining (4.13) with (4.14), we get |Ω t | ≤ Ct
(2) Let y ∈ Ω and r > 0. By Property (4.2) in Theorem 7, there exists a constant
where ν ∈ [1, κ). Analogously, by property (4.11) in part (1) , provided that r is sufficiently small, there exists another constant
. Therefore, we can conclude that when r is sufficiently small, we have G . Consequently, the proof of Theorem 9 is completed.
Comparison of the Green functions
Now we are ready to prove our comparison result, Theorem 2.
Proof of Theorem 2. Apparently, part (1) is a direct consequence of inequality (4.8) in Lemma 2.
(2) From Theorem 9 we have G
On the other hand, by using inequality (4.5), we get
provided that r μ is sufficiently small such that 2r μ ≤ d(x, y), where C = C(λ, Q, p, Ω, X). By considering the limit as μ → ∞, we obtain (1.10). 
Applications to nonlinear subelliptic problems
In this section, we will present an important technique that the power of the Green function can be used as a kernel function so as to establish the regularity in Morrey's spaces for nonlinear subelliptic problems. We assume x 0 ∈ Ω and consider the Green function G = G(x, x 0 ) related to x 0 , which is the solution of degenerate operators with X-ellipticity. The proofs of our main results do not request the Hörmander condition. Under certain X-elliptic conditions in the sense of distributions, we presented a maximum principle and some a priori estimates of degenerate equations. A local comparison of the generalized Green function with its fundamental solutions was established. Finally, as an application, by means of the power of Green functions as kernel functions for local integrals we obtained local Hölder continuity for nonlinear degenerate subelliptic equations.
